The Metonic Paradox

A Question for Orbital Mechanics

One Equation, Two Objects, No Connection

There is one equation that governs orbital periods in the standard model. Kepler's Third Law:
T =2nV(a®/ GM)

where T is the orbital period, a is the orbital radius, G is the gravitational constant, and M is the mass of the

central body.

Apply it to the Earth orbiting the Sun:

T year = 2n\/(a_Earth3 / GM_Sun)
Apply it to the Moon orbiting the Earth:
T_sidereal = 21'5\/(21_M00n3 / GM_Earth)

These are two applications of the same law to two different systems. They share no parameters:

Earth-Sun Earth-Moon
Central mass M_Sun=1.989 x 10** kg M_Earth =5.972 x 10?* kg
Orbital radius a_Earth =1.496 x 10" m a Moon =3.844 x 108 m
Period 365.242 days 27.322 days

The Sun's mass differs from the Earth's mass by a factor of 333,000. The Earth's orbital radius differs from the
Moon's by a factor of 389. There is no term in the year equation that references the Moon's distance. There is no

term in the sidereal month equation that references the Sun's mass.

These are two physically independent systems producing two physically independent periods.

PART I: THE REQUIREMENT

1. What the Metonic Cycle Demands

The Metonic cycle states that 235 synodic months = 19 tropical years.



The synodic month (full moon to full moon) is a derived quantity:

T_synodic =T_sidereal x T_year / (T_year — T_sidereal)

It depends on both the sidereal month and the year. Substituting into the Metonic requirement and simplifying:
254 x T _sidereal =19 x T_year

Therefore:

T_year / T_sidereal =254/19 = 13.368421...

Actual observed ratio: 365.24219/27.32166 = 13.36823

Match: 99.999% (error: 0.0014%)

2. What Determines This Ratio

Expanding both periods using Kepler's Third Law:

T _year /T_sidereal = V[ (a_Earth /a_Moon)* x (M_Earth / M_Sun) |
The Metonic cycle therefore requires:

\ [ (a_Earth /a Moon)® x (M_Earth /M_Sun) | = 254/19

This is a specific numerical constraint on four physical quantities: the Earth-Sun distance, the Earth-Moon
distance, the Sun's mass, and the Earth's mass. No law of physics predicts this constraint. No equation in
mechanics, gravity, or any other domain constrains these four quantities to produce this ratio or any other

specific ratio.

PART II: THE HIDDEN COMPLEXITY — ROTATION AND TIDAL
COUPLING

3. The Two-Body Idealisation Is Wrong

The Kepler equation treats the Earth as a point mass. It is not. The Earth is a rotating body, and its rotation is

dynamically coupled to the Moon's orbit.

Earth rotates faster than the Moon orbits (the day is shorter than the month). This means Earth's tidal bulge —
the slight deformation caused by the Moon's gravity — leads the Moon in Earth's rotation. That leading bulge

pulls the Moon forward, transferring angular momentum from Earth's spin to the Moon's orbit:
L_total =1_Earth x @_Earth + M_Moon x a_Moon? X ®_Moon = constant

Earth's spin angular momentum plus the Moon's orbital angular momentum is approximately conserved. As

Earth slows, the Moon recedes. As the Moon recedes, its orbital period lengthens.
This means:

The Moon's orbital radius is not independent of Earth's rotation. The two are coupled through angular

momentum conservation. And Earth's rotation rate determines the day — the unit in which we express both the



year (365.24 days) and the sidereal month (27.32 days). The measuring unit is itself a dynamical variable

coupled to the thing being measured.

4. Why This Makes the Paradox Worse

The tidal coupling adds a fifth free parameter to the system: Earth's initial rotation rate, set by the angular
momentum of the Theia impact. The Moon's current distance depends not only on where the debris initially
coalesced, but on how fast the Earth was spinning at the time, and how the tidal transfer has played out over 4.5

billion years.

Critically, this coupling is monotonic. Angular momentum transfers one way — from Earth's spin to the Moon's
orbit. The Moon recedes. Earth slows. The ratio T year/T sidereal changes continuously over geological time.
The tidal dynamics tell you how the ratio evolves, but they do not constrain what the ratio is at any given
moment. There is no target value. There is no equilibrium. There is no restoring force that says "approach
254/19 and hold."

The full system therefore has:

e M Sun (set by stellar nucleosynthesis)

M_Earth (set by planetary accretion)

a_Earth (set by protoplanetary disk dynamics)

e a Moon initial (set by Theia impact debris distribution)

o_Earth_initial (set by Theia impact angular momentum)

Tidal dissipation rate (set by Earth's interior properties)

Time elapsed since formation

Seven independent parameters, none constrained by any law to produce a ratio near 254/19 at the current

geological moment.

Every additional dynamical element added to make the physics more realistic introduces another free parameter
that must take a specific value for the Metonic cycle to work. The more complete the physics, the more

coincidences required. Not fewer.

5. Comparison: What Real Resonance Looks Like

Jupiter's Galilean moons ARE in orbital resonance: Io : Europa : Ganymede = 1 : 2 : 4 (the Laplace resonance).
This resonance is maintained by tidal forces from Jupiter that create active energy exchange between the moons.
The orbits are gravitationally coupled. If you perturb the system, it returns to 1:2:4. The physics predicts the

ratio and explains why it is maintained.
The Earth-Moon-Sun system has no equivalent:

e No energy exchange mechanism between the year and the sidereal month
e No gravitational coupling that targets a specific year/month ratio
e No restoring force if the ratio drifts

e Tidal recession is monotonic — the Moon recedes, the ratio changes, with no target



e The physics predicts nothing about the ratio

The Laplace resonance is real physics — a mechanism that locks orbits to a ratio. The Metonic "cycle" has no

mechanism. It is a resonance with no resonance physics.

PART III: THE PROBABILITY

6. The Physically Possible Range

The Moon's orbit is physically constrained between two limits:
Minimum (Roche limit): ~18,500 km. Closer than this, tidal forces would break the Moon apart.

Maximum (Hill sphere): ~1,496,000 km. Beyond this, the Sun's gravity would strip the Moon from Earth's
orbit.

Total possible range: approximately 1,478,000 km.

Current Moon distance: 384,400 km.

7. The Synchronisation Window

For the Metonic cycle to work (235 lunations in 19 years, to within £0.5 of an integer), the Moon must be
between approximately 382,700 km and 383,700 km from Earth.

Window width: approximately 1,000 km out of 1,478,000 km total range.
That is a window of 0.07% of the possible range, or roughly 1 in 1,500.

But the actual Metonic precision is far better than +0.5 lunations. The observed count is 234.997 — a residual

0f 0.003 lunations, corresponding to approximately 2 hours over 19 years.
For this £2-hour precision, the window narrows to approximately 6 km.
6 km out of 1,478,000 km. That is 1 in 250,000.

The Moon's orbital radius — supposedly set by a giant impact 4.5 billion years ago and modified by billions of
years of undirected tidal recession — sits within a 6-km-wide window out of nearly 1.5 million km of possible

range. The precision is equivalent to throwing a dart at a target 1,478 km wide and hitting a band 6 km across.

8. The Temporal Window

The Moon is receding from Earth at approximately 3.82 cm/year due to tidal friction. This means the
year/month ratio is continuously changing. The Metonic synchronisation is not permanent — it is a window the

system passes through.

At the current recession rate, the Moon spends approximately 155,000 years in the +2-hour Metonic precision

window.

The Moon has existed for approximately 4,500,000,000 years.



The fraction of the Moon's existence spent in the Metonic window: 155,000 / 4,500,000,000 = 0.003%.

The Moon is in the Metonic window for 0.003% of its lifetime, and human civilisation happens to exist during

that window.

9. The Compound Probability

The probability that the Moon is at the right distance AND that we exist at the right geological moment to

observe it:

P(distance) x P(timing) = (1/250,000) x (1/29,000) = 1 in 7 billion

One in seven billion. By random chance, from independent physical processes with no targeting mechanism.
This is a conservative estimate. It does not account for:

e The probability that M_Sun, M_Earth, and a_Earth also take the specific values needed (each
independently determined)

o The probability that the tidal dissipation rate takes the specific value needed (determined by Earth's
interior properties)

e The probability that the Theia impact had the specific angular momentum needed to set the initial

conditions

e The probability that the denominator of the near-rational approximation is a prime number (19) that

independently appears in mathematics and sacred geometry

Each additional factor makes the compound probability smaller.

PART IV: THE TIMESCALE

10. What 19 Years Actually Means

Consider the scales involved:

e Earth-Sun distance: 149,600,000 km
e Earth-Moon distance: 384,400 km
e Ratio: 389:1

The Sun is 389 times further from Earth than the Moon. Light takes 1.3 seconds to reach Earth from the Moon
and 8.3 minutes from the Sun — a ratio of 383:1.

These are two objects at vastly different distances, with vastly different masses (the Sun is 27 million times

more massive than the Moon), governed by vastly different gravitational parameters.

In 19 years, the Moon completes 254 orbits around Earth. The Earth completes 19 orbits around the Sun. At the

end of those 19 years, the Sun-Moon-Earth geometry has returned to within 2 hours of its starting configuration.



19 years is:

e 0.00000042% of the Moon's age
e 0.00000014% of the universe's age
e Approximately 6,940 days

e Essentially instantaneous on any cosmological or geological timescale

Two objects — one 1.3 light-seconds away, the other 8.3 light-minutes away — operating under independent
gravitational physics with different masses, different distances, and different formation histories, synchronise on

a timescale that is cosmically negligible.

If the lunation ratio were a random irrational number (as the independence of the physical parameters would
predict), there would be no reason for a good rational approximation to appear at a denominator as small as 19.
The first "good" rational approximation might require a denominator of thousands or millions. The fact that a
five-significant-figure match appears at the 19th year — the 5th convergent of the continued fraction, with a

quality jump of 42x over the previous convergent — is not predicted by any feature of the standard model.

For comparison: if two arbitrary oscillators with an irrational frequency ratio are required to synchronise to
99.999% accuracy, the expected synchronisation period scales with the quality of the best rational
approximation. For a "typical" irrational number, synchronisation to this precision would require a period orders
of magnitude longer than 19. The lunation ratio is not typical — it is specifically well-behaved at a small prime

denominator. What made it so?

PART V: THE LOGIC

11. The Argument, Stated Formally

Premise 1 (from the standard model): T year and T sidereal are determined by independent physical
parameters. No law constrains their ratio. The tidal coupling between Earth's rotation and the Moon's orbit

evolves the ratio monotonically with no target value.

Premise 2 (from mathematics): The ratio of two quantities drawn from independent continuous distributions is

irrational with probability 1. An irrational ratio means the oscillations never exactly synchronise.

Premise 3 (from observation): 235 synodic months = 19 tropical years to 99.999% accuracy, with a residual of

2 hours.

These three statements are mutually inconsistent. The resolution requires abandoning at least one.

12. The Fork

Option A: The physics is incomplete. There exists a coupling mechanism not in the current model that
constrains the year/month ratio toward a simple fraction. This mechanism is not tidal (tidal recession is
monotonic), not resonant (no Laplace-type coupling exists between the year and the sidereal month), and not

any known force. If Option A is correct, there is a law of physics we have not yet identified.



Option B: The model is wrong. The orbital parameters are not independent historical accidents. The masses
and distances of the Sun, Earth, and Moon are related by a deeper structure. The Moon is at its current distance
for a reason — not because debris from a random impact happened to settle there and drift to this point over 4.5
billion years. If Option B is correct, the formation narrative (giant impact — random debris — undirected

recession — current distance by accident) is incomplete or incorrect.

There is no third option. The standard model cannot maintain that the parameters are independently determined
AND explain the synchronisation. Independence entails incommensurability. Synchronisation entails non-

independence. These are logical contradictions.

13. The Standard Response (And Its Failure)

Response: "Every irrational number has good rational approximations. 235/19 is simply a convergent in the

continued fraction expansion."

Rebuttal: This re-describes the observation without explaining it. The continued fraction catalogues the
approximation quality — it does not explain what set the ratio to a value where the 5th convergent is 235/19
with a 2-hour residual and a 42x quality jump. "The Theia impact" is the only available answer, and it is an

admission that no explanation exists — the impact parameters are unknown and treated as random.
Response: "The anthropic principle — we observe this because we exist during the Metonic window."

Rebuttal: This reduces to the claim that we are extraordinarily lucky. The Moon spends 0.003% of its lifetime
in the Metonic window. This is not an explanation — it is a restatement of the improbability. The anthropic
principle can explain why we observe a universe that supports life. It cannot explain why the specific ratio of
two orbital periods in our solar system happens to produce 99.999% synchronisation at a prime-number

denominator during our geological epoch.
Response: "It's not that precise — the Metonic cycle drifts over centuries."

Rebuttal: The drift is approximately 1 day per 219 years. This means the Metonic cycle has been accurate to
within 1 day for the entire span of recorded human history (~5,000 years). The drift does not weaken the

paradox — it confirms that the ratio is exquisitely close to 235/19, not merely "somewhere near" it.

14. Summary

The Metonic cycle requires four independent physical quantities (or seven, when rotational dynamics and tidal
evolution are included) to combine to produce a ratio of 254/19 to five significant figures. No law of physics
constrains these quantities to this value. No coupling mechanism maintains the ratio. No feedback loop targets
it. The Moon's distance must fall in a 6-km window out of 1.5 million km of possible range, and we must exist
during the 155,000-year window (out of 4.5 billion years) when the receding Moon passes through this point.
The compound probability is approximately 1 in 7 billion.

Either the physics is incomplete, or the model is wrong. The orbital mechanics is correct — Kepler's Law
describes the orbits perfectly. But the orbits' parameters are unexplained, and those unexplained parameters

produce a synchronisation that the mechanics has no mechanism to create.

The question remains open: what constrains V[(a_Earth/a Moon)* x (M_Earth/M_Sun)] to equal 254/19?



This document examines the Metonic cycle purely through orbital mechanics and probability, demonstrating
that the standard model provides no physical mechanism for the observed 19-year synchronisation between the
Sun and Moon. The argument uses Kepler's Third Law, tidal coupling dynamics, observed orbital parameters,
and elementary probability to establish that the synchronisation cannot arise from independent physics. It
should be read alongside: The Six Irreducible Primes, Cycles as Oscillation, The Coupling Ratio: 1:137, and

the Framework User Guide.
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